THE TAIL OF A POSITIVITY-PRESERVING
SEMIGROUP

BY
WILLIAM A. VEECH'

ABSTRACT

With certain assumptions a representation theorem is proved for the elements of
ﬂ .y S, where Z is an abelian semigroup of endomorphisms of a real vector
space and S is a convex antisymmetric cone. Application is made to charac-
terization of nonnegative harmonic functions on bounded Lipschitz domains,
of Hausdorff-Stieltjes moment sequences, and of ‘“‘bilateral Laplace trans-
forms” on locally compact abelian groups, Euclidean motion groups, and non-
compact semi-simple Lie groups. Uniqueness of the representation is proved in
both the Euclidean motion and the semi-simple cases.

1. Introduction

Let there be given a real vector space V and a cone § & V which is stable
under a certain semigroup X of endomorphisms of V. By the tail of £ we shall
mean the set & of vectors v which are common to all the cones ¢S, ¢ € L. In what
follows we shall make assumptions on ¥, S, and £ which will enable us to give a
concrete description of <. As an example, let V be the space of all real-valued
sequences, x = (xq,X;,°:+), and let S be the cone of nonnegative elements in V.
If X is the cyclic semigroup generated by T, (Tx), = x, + x,;1, then a simple
consequence of the main result in Section 2 (or Section 3) is that % is the set of
finite Stieltjes moment sequences

1.1) X, = f A"u(dr) n=201,--,
0
It is an easy matter to verify directly that every completely monotone sequence
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belongs to &, and therefore the classical characterization, due to Hausdorff, of
completely monotone sequences as moment sequences (1.1), with y concentrated
on [0, 1], also follows (Section 6).

2. An abstract representation theorem

Let ¥V be a real locally convex Hausdorf topological vector space, and let
S < V be a convex cone. We assume 0¢ S. LetX be an abelian semigroup of
continuous linear operators on V such thatZS < S.

DEerNITION 2.1.,An element we S is said to be divisible (by X) if weoS for
every o €X. We refer to the cone & of divisible vectors as the tail of Z.

If we S is an eigenvector for £ (ow = A(o)w, o € Z), then obviously we . The
object of the discussion to follow is to delineate a set of assumptions on V, S,
and ¥ which willimply that % can be synthesized from the eigenvectors it contains.

DerINITION 2.2. We say (Z,S) has the compactness property if for every
geX and we & the set
K(o,w) = closure c{oc™?*w N S}
is compact.
Notice that K(a,w) < S because S is closed, and 6K(o,w) = {w} because & is
continuous. In many instances ¢~ 'w N S is already compact, but for certain
applications the weaker assumption (2.2) must suffice.

ProposITION 2.3. If (X,S) has the compactness property, then ¢ = & for
all ceX.

ProoF. I is assumed to be abelian, and therefore ¢ ¥ < & for all oseX.
Fixing we & and o eX we must find ve & such that 6v = w. By continuity and
commutativity we have that yK(ys,w) is a compact subset of K(o,w) for every
yeX. Therefore, if we can prove that the sets yK(yo,w), y€Z, have the finite
intersection property, it will follow that they have a vector v in common, and
certainly ve &. To prove the finite intersection property let n > 1, and let
Y1, Yn €X be given. Choose u€ S so that 3373 - Ve ¢ u = w. This we may do
because we &. Now for 1 £ i < n define u, = 345 - 2 190is1 -+ v2ou. By
commutativity yu; = y;u;, 1 < i, j < n, and yu; e ,K(y,0, w). Thus,

ﬁ YEK(Y;'U’ W) # Q:

i=1

and the finite intersection property is established. The proposition is proved.
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Recall that a cone & is well capped if for each we & there is an extremal
cone &, S & (meaning that if u,,u,e& and u, + u,e &, then u,,u, e &£,)
with w e &, and a positive linear functional ¢ on &, such that {ve &, [ o) £ 1}
is compact when 0 is adjoined.

In our applications {0} U S has the property that every compact subset is
metrizable. For this reason, and in order to avoid the pathologies encountered
in nonmetrizable Choquet theory, we assume in all that follows that {0} U S has
only metrizable compacta.

Given that & is well capped, we associate to we & a pair %, and ¢ as in the
above. Define K,, = {ve &, | ¢(v) < 1}. Since w/d(w) € K,,, and since {0} U K,,
is a metrizable, compact convex set, there exists by the Choquet theorem a Borel
measure # on the Borel (even G;) set L,, of extreme points of K,, such that

2.4 w= f en(de).

The representation (2.4) holds in the weak sense. That is, if iy € V' * (the dual space
to V), then

@.5) Yiw) = f (en(de).

Now we will assume there exists € V'* which is strictly positive on . In this
case the set &, = {we & | Y(w) = 1} is a base for &. If we map L,, above into
&, by e — ef(e), then (2.4)(2.5) can be viewed as a representation

(2.6) W= L et(de).

Moreover, every extreme point of K, is an extremal of the cone &. Indeed, if
ecL,, and if e = e, + e,, e1,e, €., then ey, e, € &, because &, is extremal.

Clearly ¢(e) = 1 and so e = ¢(e,)(e;/P(ey)) + P(e)(e,/P(e,)) is a convex com-
bination of ¢;/¢(e,), i = 1,2. Since e is extreme, ¢; = ¢(e;)e, and e is an extremal

of &. Let E be the set of extremals of % which belong to &,. From (2.6) and the
preceding discussion we obtain the representation

= | et

where £ is a regular Borel measure on E. The mass of £ is y/(w).
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ReMARK. 2.7. Denote by o* the adjoint to the transformation ¢eX. For
each 7 e V*, (2.6) implies

ow) = (6*7)(W)

= f o*1(e)é(de)
E
= [ o
and therefore
(2.8) ow = f cel(de).
E

DErFINITION 2.9. We say that ¥ decays slowly if for each o X there is an
a > 0 such that 6 > ac on S. Greater than is in the sense of the natural order
induced by S. If ve S, then ¢v — aoveS.

Prorosition 2.10. Assume (X, S) has the compactness property and X decays
slowly. Then every extremal of & is an eigenvector for Z.

PROOF. Let ec ¥ be an extremal. Given o € X there exists by Proposition 2.3
an element ve & such that o’v = e. Let a = a(6) > 0 be as in Definition 2.9.
We claim e — aove &. For if yeZ, and if ueS is such that yu = v, then
y(6*u — aou) = ¢%v — aov = e — aov, and o?u — acueS by our choice of a.
Since e is an extremal, there exists ¢ > 0 such that agv = te. Apply ¢ to both

sides and divide by ¢ to find se = (a/t)e. Since s € X is arbitrary, the proposition
is proved.

If the assumptions of Proposition 2.10 are in force, then every extremal ee &
determines a character A: £ -»R*, R the group of positive reals under mul-
tiplication, by ge = A(g)e. We will speak of the eigenvector e as belonging to A.
We denote by (1) the set of vectors we S (not necessarily extremals) which
belong to 4. Of course, F(1) < &, and F(A) is a closed subcone of &. Let E()
be the extremal elements of (1) which belong to ¥, (that is, yi(e)= 1, where ¢
is the distinguished functional which is positive on ). Proposition 2.10 implies
E < U, E(4). We will now prove the reverse inclusion.

PROPOSITION 2.11.  Under the hypotheses of Proposition 2.10, E = U, E(4).

Proor. Given A4 and we E(A) it is to be proved that we E. If we replace
each g eZ by o/A(6) we may assume A = 1. Since w e &, there exists a represen-
tation
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w= f eu(de).
E

If we write oe = A.(c), then (2.8) implies for every ceZ and n =2 1

w = o¢'w =f Alo) eu(de)
E

and

1 = y(w) = Y(o™) = f 1(0)"u(de).

It follows that y{elle(a) # 1} = 0. Now more must be said because £ may be
uncountable. Let A = E be any compact subset of E. A is metrizable, and therefore
there exists a countable set o, 0,, - €X such that if F,(e) = 1,(s,), ee K, then
{F,} is uniformly dense (on A) in the set {F,(e) =/le(a)|an}. Now if 4, =
= {eeA|F,,(e) =1, all n}, then 4, = {eeA]F,(e)= 1, all geX}. Since
u(Ai N A4) = 0, and since u is regular, we conclude that u{eeElF,,(e) =1, all
c€X} = 1. That is, u is concentrated on E(1). Since w is an extremal element
of E(1), u must be concentrated at w. Therefore, w € E. The proposition is proved.

THEOREM 2.12. Let X be an abelian semigroup of endomorphisms of a real,
Hausdorff, locally convex, topological vector space V and let S be a closed
Y-stable cone in V. Let & = N, o30S be the tail of . If

(i)  the compact sets in {0} U S are metrizable,

(i) (Z,S) has the compactness property,

(ili) & is well-capped and there exists y € V* which is positive on &, and
(iv) X decays slowly,

then every we & admits a representation
(2.13) w= f ep(de)
E

in which u is a regular Borel measure on the set of extremals of & such that
W(e) = 1. Moreover E = \U, E(X), where for each positive character A on X,
E(2) is the set of extremals e of the cone F(A) of vectors belonging to A such
that y(e) = 1.

ReEMARK 2.14. Assume S has the property that every weakly Cauchy sequence
is weakly convergent. Then for any Borel measure y on E which has compact
support (2.13) exists and defines an element of #. If u is not necessarily com-
pactly supported but has the property that for all ne V*, n( - ) is p-integrable,
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then we claim (2.13) exists and defines an element of %, For by regularity there
is a sequence K, < K, ,; of compact subsets of E such that u is supported on
Uy=1 K, Let w, be the resultant of u, = yg p (x = characteristic function).
w, exists because the weak sequential completeness assumption implies K, has
a compact closed convex hull. If # e V*, then because #( - ) is u integrable, n(w,)
is convergent to p [n(e)u(de). It follows there exists we S such that w, - w
weakly, and w is represented by (2.13). Because X is slowly decaying it is true
for any fixed 6 € X that A4(¢) = a(o) > 0 on E. Therefore, if we apply the above
argument with u(de) replaced by pu(de/2(a), (2.13) defines an element ve S such
that ov = w. It follows we &.

REMARK 2.15. Assumption (iii) in the statement of Theorem 2.12 can be
weakened slightly to read: (¢') is well capped and there exists ¥ € V* such
that y(e) > 0 for every extremal of . For then, by the integral representation
(2.6), w(w) > 0 for every we &.

3. Semigroups of integral operators

Let Q be a second countable, locally compact, metric space, and let K be a real-
valued function on Q.x Q. If 4 = Q, denote by M = M(K, A) the number

(or )

M(K, A) = sup K(X, y)

(x,y) e AxXQ
and by C = C(K, A) the set
C(K,A) = U closure {le(x, y) > 0}
A

Now " will be the set of non-negative Borel functions, K on Q x Q such that
for every compact set A = Q, M(KsA) is finite and C(K, A) has compact closure.
Fixed for the discussion is a locally finite Borel measure v on Q. Using v, we
introduce a binary operation on X', defining K, - K, for K, K, € 4" by

Ki oK) = | Ko DKala ).
Q
A is closed under this operation as an elementary calculation shows.
DerINITION 3.1. An element Ke X is admissible if for every compact set

A < Q there is a number « = a(K, 4) > 0 such that for all xe 4, K - K(x, *)
> aK(x, *). If « can be chosen independently of A, K is strongly admissible.
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A set £ < X is admissible (strongly admissible) if each of its elements is ad-
missible (strongly admissible).

Let 2} be the space of equivalence classes of locally v-integrable non-negative
functions on Q. We let " act on %!, by f — Kf, where

(3.2) Kf(x) = f KGO

LeMMA 3.3. Let Ke X be admissible, and suppose f = Kg, ge Z,..
Then fe P, the space of locally bounded v-measurable functions on Q.

In fact, for any compact set A < Q there is a constant N = N(K, A) < oo such
that

34 ess supf(x) = N(K, 4) o S(v(dy).

xeA C(X,

PrOOF. Let A be compact, and let M = M(K, 4) and C = C(K, 4) be as in
the introductory paragraph to this section. Choose a = a(K, A) as in the de-
finition of admissibility. For almost all xe 4 we have

f(x) = Kg(x)

< ~KoKg()

= K/

A

M

2 [r0man.
(o

The lemma is proved.

LEMMA 3.5. Suppose f = Ko Kg for some g &\, and admissible Ke A .
Set h = Kg. For every compact set A = Q there is a constant R = R(K, A,f)< 0
such that
(3.6) esssup h(x) < R.

xed

ProoF. Given K admissible and 4 compact choose o« = a(K, 4) by the

definition of admissibility. If f and g are as in the statement of the lemma, we

have for almost all x, f(x) = K o Kg(x) 2 aKg(x) = ah(x). Therefore, by
Lemma 3.3,
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3.7 esssup h(x) < % sup  f(x)

xed xeA

N(K,A4)
& f C(K

IIA

Sv(dy).
A4)

Setting R(K, A4, f) equal to the right-hand side of (3.7), the lemma is proved.

In what follows, V is the space £, and S is the cone of non-negative elements
of V, excluding 0. Because KgeS when ge %,,. and Ke ', the notion of
divisibility based on solvability of Kg = f for g € Z,+. coincides with the notion
of divisibility when g is required to belong to S.

V is the dual space of the space of v-integrable compactly supported functions
on Q (with the direct limit topology), and we endow ¥ with the weak-* topology.
Any subset of V for which there exists a local (essential) uniform bound will, by
the Alaoglu theorem, be relatively compact in this topology. Since Q is separable
and v is locally finite, ¥ has metrizable compacta.

LeMMA 3.8. For each Ke X the operator f — Kf is an endomorphism
of V.

Proor. If h is compactly supported and v-integrable, then so is hK(y)
= [K(x, p)h(x)»(dx). Continuity therefore follows from the Fubini theorem
and the definition of the topology on V.

LemMA 3.9. If Ais a locally uniformly bounded subset of S, and if Ke X~
is admissible, then K{ge S ‘ Ko Kg e A} is relatively compact.

ProorF. Lemma 3.5 (see (3.7)) gives a local uniform bound for the elements
of the set in question. Therefore, by an earlier remark, it has compact closure in S.

LemMma 3.10. Let X be an admissible subsemigroup of A, and let
& = Ng . KS. Then & is a well-capped cone.

Proor. Given fe & we use the second countability of Q to find an every-
where positive continuous function h on Q such that (f,h) < oo, where
(f,h) = g | f(x)h(x)v(dx). Let W be the cone of functions g € S such that (g,h) < co.
Notice that W is extremal. For every compact set C & Q we define v = v(C)
= min, ¢ h(x). v > 0 because h is continuous and positive. For such a set C
we have the inequality

K

(3.1 ff(x)v(dx) <50



Vol. 18, 1974 TAILS OF SEMIGROUPS 175

Specializing (3.11) to the case of C = C(K, A), A compact, K admissible, (3.4)
and (3.11) combine to imply

80

3.12) esiselipf(x) < N(K, 4) 20)
If W, = {¢e¥ |(¢, h) £ 1}, (3.12) implies W, has compact closure in S. In
fact, it will be seen that W, is already closed and therore itself compact.

Suppose {f,} is a net in W; which is convergent to fe S. If 4 is any compact
subset of Q, (f,x4h) = lim,(f,,x4h) < 1, and since A is arbitrary, (f,h) £ 1.
Fixing K € 2 we choose for every n, g,€S such that KoKy, = f,. By (3.12),
{f,} is locally uniformly bounded, and therefore by Lemma 3.9 we may choose a
subnet if necessary and assume Kg, is convergent to some limit 4. Then Kh = f
by continuity. Since K is arbitrary, f € .

Collecting results so far, we have the following proposition.

PrROPOSITION 3.13. Let T be a strongly admissible subsemigroup of X,
and let ¥ = NKS. Then

(i) (Z,S) has the compactness property,

(i) X is slowly decaying, and

(iii) & is well capped.

Proor. Statements (i)-(iii) follow respectively from Lemma 3.9, strong
admissibility, and Lemma 3.10.

In what follows we shall say K € X" increases support if for each x eQ there
exists a number § > 0 and a neighborhood U of x such that K(x,-) = é on U.
If K is support increasing, then f = 0 and Kf = 0 implies f = 0. Thus, if K
increases support, S is stable under K.We say a set ¥ & X is support increasing
if each of its elements is.

THEOREM 3.14. Let v be a locally finite Borel measure on the separable
locally compact metric space Q, and let £ be a strongly admissible support
increasing, abelian subsemigroup of . Assume there is a compact set B < Q
such that supg.s(Kf,xg)> 0 for every feS. If & = Ng,:KS is the tail
of Z, then every fe & admits a representation

3.15) f = f eu(de)

where 1 is a Borel measure on the set E = \U, E,, the union taken over all positive
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characters A on X, and for each A, E, being the set of e€ S, (e,xp) = 1, which
are extremals of the cone F(1) of elements of S which belong to A.

Proor. X is strongly admissible, and therefore each extremal e of & is an
eigenfunction for X. Let e belong to A. Then (Ke, x5) = 2. (K){e, xz), K€Z, and
therefore (e, yp) > 0. Since % is well capped, (3.15) follows from Remark 2.15
and Theorem 2.12.

ReMARK 3.16. With notation as above, suppose fe& and choose any
KeX and ge & such that Kg = f. Define a (Borel) function f, on Q by fo(x)
= Kg(x) = (g, K(x, *)). We claim f, is divisible in the sense that if K,eZ,
there exists a Borel function g, = 0 on Q such that fy(x) = Kyg(x) for all x.
Indeed, find h € S such that Koh = g, and define gyo(x) = Kh(x). That Kogo = fo
follows from the commutativity of X. Since K, is arbitrary, f; is divisible as a
point function on Q. Moreover, if we represent g above by (3.15) then, since for
each yeQ, K(x, - )e V*, we have

(3.17) fo) f (K(x, -), u(de)

f ea(O(de)

holding for all x, where for each e, eo( * ) is a point eigenfunction for K.

If f is a divisible point function for Z, then [ f], the element of S corresponding
to f is evidently an element of . The representation (3.15) for [ f] will at least
hold almost everywhere for f,. With a bit more care it is possible to obtain a
representation for f, which holds for all x. The key is a modification of the
argument in Proposition 2.3 which yields ge & for a given KeZX such that
fo(x) = (K(x, *),9), x€Q. The modification turns on the fact that for fixed K
{geS |(K(x, ), 9) = fo(x), xeQ} is closed (and nonempty), and therefore the
same compactness argument can be used.

For a final remark, suppose e € & is an extremal, and fix K e Z. Define a Borel
function ex on Q by eg(x)=((K(x, * ), e)/A(K)). Then eg(-) is equivalent to e
(belongs to the equivalence class e represents), and moreover, because X is abelian
and Koe = A(Ko)e, KoeZ we have Koeg(x) = A(Ko)ex(x), x € Q. The left side
of the last equality depends only upon e, and therefore e(x) is the unique element
of e which is a point-eigenfunction for X. In case the representation (3.15) is
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unique for fe %, it follows readily that each fe & contains a unique Borel
fo(x) which is divisible as a point function. We do not know if this is true in

general.

4, Convolution operators

Let G be a fixed second countable, Hausdorff, locally compact topological
group, and let v be a left Haar measure on G. G will play the role in what follows
of the space Q of Section 3. If ¢ is a non-negative, bounded, measurable, compactly
supported function on G which is bounded away from 0 on some neighborhood
of ee G (e = identity), we set up a kernel K on G x G by K(x,y) = ¢(xy~ ).
A" denotes the space of all such kernels, and we write ¢ € £ rather than Ke 1",
Notice that if Ki(x,y) = ¢(xy~ 1), i = 1,2, then K, « K,(x,y) = ¢, * d,(xy™ 1),
where * denotes convolution.

If ¢ € ", then because ¢ is bounded away from 0 on a neighborhood of e it
will be the case that ¢ * ¢(x) > 0 whenever there does not exist a neighborhood
of x on which ¢ vanishes essentially. Since ¢ * ¢ is continuous, and since ¢ is
bounded, there will exist a number o« > 0 such that ¢ * ¢ = ag. It follows A is
strongly admissible.

In what follows we take X to be a fixed abelian sub-semigroup of " with the
property that U, .5 {x | @(x) > 0}° = G, where ° denotes interior.

LeMMA 4.1. With notations and asumptions as above, there exists for
every compact set A < G an element ¢ € X which is bounded away from 0 on A.

Proor. For every xe€ A choose a continuous ¢,eZ with ¢,(x) > 0, and let
U, = {ylgbx(y) > 0}. Then {lexeA} is an open cover of 4. Choose x,, -+, x,
sothat A= U,, V.- U U, , and define ¢ = ¢, #---* ¢, . That ¢ >0on 4
follows because each ¢ € " is support increasing.

One immediate consequence of the lemma is that if fe S (equivalence classes
of non-negative, locally bounded, v-measurable functions £ 0), and if B is any
compact neighborhood of e, then sup , . x(¢ * f,xp) > 0. Fixing such a neigh-
borhood and letting E be the set of extremal eigenfunctions e for ¥ such that
(e, xp) = 1, it follows from Theorem 3.14 that every fe & has a representation

“2) 16) = f e(x)u(de)

holding almost everywhere. Moreover if f( - ) is a divisible point function, then
(4.2) can be chosen so as to hold everywhere. With various assumptions on G it is
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possible to give more concreteness to (4.2) by identifying the eigenfunctions
for Z.

LemMA 4.3. With notation and assumptions as above, suppose G contains
a closed normal abelian subgroup L and a compact subgroup K such that
G.= LK, in the sense that the map (1, k) — lk is a homeomorphism from L x K
into G. If f is an extremal eigenfunction for %, there exists a continuous positive
Character ¢ on L such that if x = lk, le L, ke K, then f(x) = (k™ k) f(k).

Proor. Fix any ¢€Z, and let A be such that ¢ *f = Af. If x = Ik, and if
te L, define t'e L by t' = ktk™'. We have

Af(xt) = fG xty™ D (dy)

[ owsy™ronan

]

L B(t'y ™) ().

If e X and # are such that y * f = nf, then

W) = fG YO (rxvdy).

Let 4, = {t' = ktk™'|keK}. 4, is compact because K is as is 4 = closure
{r™1y | 7€ A4,, ¢(y) > 0}. Choose ¥ to be bounded away from 0 on A. Then for
some o >0, Y(y) = ad(t'y), t'ed,, yeG. We conclude nf(x) = aldf(xt),
x € G, and since f is an extremal eigenfunction and both f(x) and f(xt) belong
to the same eigenvalue, f(xf) = c(f)f(x). Writing x = lk = kk™'lk, we see that
f(x) = c(k™'1k)f(k). Clearly, c is a character. The lemma is proved.

The statements and proofs of the next two lemmas are based on [6, Lemmas
8.1 and 10.1]. L * is the set of positive continuous characters on L.

LEMMA 44. Let ¢ €4 be continuous, and let ce L*. There exists a con-
tinuous function p on K such that if f(x) = c(k™'lk)p(k), x = Ik, leL, keK,
then | is an eigenfunction for ¢.

ProoF. Given ¢ we will solve for p. Thus write f(Ik) = c(k™'lk)p(k), and
let y = lk, x = 1,k in what follows.
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¢ *f(x)

f $(luyk™ 171 FIR(A())

= [ etttk

f Gk~ 17 ) f(IKI k™ ke )v(d(IK))

f Sk~ ek e~ LIkl k™ k) p(kk,v(d(Ik))

f ¢k ™ 1™ ek ke ey )eCley gk )p(kk v(d(IK))

{ f (k™1 ye(k; k™ Tkk,) ”f,’z,’j; WAk 16,

It

The problem now is to find p so that the expression in braces is independent of k.
What is the same thing, it is necessary to find an eigenfunction p > 0 for the

operator

(4.5) Tpky) = f¢(y" Do (y, k)p(kk,)v(d(Ik))

in which a(y,k,) = c(k; 'k~ 'lkk,), y = lk. We note that for k,e K, o(yk,,k,)
= c(ky 'k, 'k~ llkkyk,) = o(y,k,k,). Therefore if we let w = yk, in (4.5),
w = Ik,

To(ks) = [ 406w ™ot pRA(I).
Let A be a compact set which contains all we G such that ¢(k,w™') > 0 for
some k, e K. If I(p) = x[ p(k)dk (dk = normalized Haar measure on K), it is
readily checked that because ¢(e)a(e,e) > 0, I(Tp) = BI(p) for some constant

B > 0. Also, if 4 is a compact set which contains all w e G such that ¢(k,w™?) >0
for some k; € K,

[ st ontenaaiy < »1)
for some y < oo independent of p. It follows that if k,, k, € K, then
Tp(k,) — TP(kz)I < yI(p)sup I Plkeyw™1) — g(k,w™1) I .

Putting these facts together, if we define A = {pII(p) = 1} and «(p), peA, so
that ToA = A, where Typ = o(p)Tp, then ToA is a precompact set in C(K).
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Then A; = closureco ToA is compact in A, and ToA; € A,. By the Schauder-
Tychonoff theorem, there exists pe A,, Top = p. Then Tp = a(p)”'p. As re-
marked above this implies the conclusion of the lemma.

ReMARK. In the next lemma we shall use the well-known fact that if d! and
dk are Haar measures on L and K respectively, then the product measure didk
on L x K projects under the homeomorphism (I, k) — lk onto a Haar measure
for G.

LeEMMA 4.6. Let X be as above, and let c € L *. There exists at most one eigen-
function f for X with f(e) = 1 and f(lk) = c(k™1k)f(k).

ProOF. Let f,f, be two such eigenfunctions. We will first observe there is
one character on X to which both f; and f, belong. First, since neither f, nor f,
can vanish, there exists a constant M, 0 < M < oo, such that M~ If,(k) £ f,(k)
<Mf,(k), ke K. Since fi(lk)=c(k™'Ik)f(k), le L, ke K, we have also M~'f;(x)
< fo(x) £ Mfi(x), xeG. Now if ¢peZ, ¢ *f, = A,f,i =1,2, these inequalities
imply for all n = 1, M7IAJf (%) £ A3f,(x) £ MAf,(x). Therefore, 1, = 4,
Now for ¢ €X and x € G we have

£ _ [ 8D fgm)vdo)
f1(x) { ¢lg ") f1(gx)v(dg)

“.7) _ I 967 igx) (fa(g0)f1(gx)dg)
§ $(a™N11(gx)v(dg)

If dl is a Haar measure on L, and if as before dk is normalized Haar measure
on K, then dldk is a Haar measure on G. Define F(-,-) on K x K by

Flky, k) = qu(k:‘ 11 f(Tkyk;)dI

If ¢ > 0 on K, then

F(ky, ka)

Otk = TR it

is the density of a probability measure on K which assigns positive measure -to
every open set. We have from (4.7) and the fact f,(Ik)/f1(Ik) = fo(k)/fi(k),

fulky) _ [ fulk)
filky ~ Jx TR

9, (K)dk.
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If k, is chosen so that the left side is small as possible, the integrand f,(k)/f,(k)
must almost everywhere be equal to this smallest value. Since f;, f, are con-
tinuous, f; = Af,. Finally, fle) = 1, i = 1,2, so A = 1. The lemma is proved.

LemMma 4.8. With notation and assumptions as above, let ce L*. There
exists a unique eigenfunction f for T such that f(e) = 1 and f(Ik) = c(k™'1k) f (k).

Proor. Fix a ¢ €X which is continuous on G and positive on I. There exists
a unique such f for ¢ by Lemmas 4.4 and 4.6. If iy €%, then because X is abelian,
Y * f is also an eigenfunction for ¢. Since ¥ * f(xt) = c(y * f(x), te L, uni-
queness tells us yr * f(x) = (( * £)(e))f(x). The lemma is proved.

THEOREM 4.9. Let G be a second countable locally compact group containing
a closed normal abelian subgroup L and a compact subgroup K such that
G = LK as above. Let v be a Haar measure on G. Assume X is an abelian semi-
group, under convolution of non-negative, bounded, measurable, compactly
supported functions each of which is bounded away from 0 on some neighborhood
of e and such that U, 5 {x | #(x) > 0}° = G. There exists a map ¢ — p, from
L* to C(K) such that for every ce L*, q(Ik) = c(k™*Ik)p,(k) is a positive eigen-

function for T with q.(e) = 1. Moreover, if f is a (point) divisible function
there exists a Borel measure p on L* such that for all x€G,

(4.10 10 = | aoutao).

ReMARk 4.11. If K = {e}, that is, if G = L is abelian, then (4.10) is a bi-
lateral Laplace transform on G, and essentially the same theorem was obtained
earlier in [19].

ReMARk 4.12. If every ¢eX has the property that ¢(kx) = ¢(x), ke K,
x € G, then every f e obviously has the same property. This implies p, = 1
for every ce L*, and (4.10) becomes

4.13) f&x) = f(lk) = f(k™'1k)

f c(k™k)u(dc)
L+

f e(Duy(do)
L +

where y, is the image of u under the automorphism of L™ adjoint to I - k™ Ik
on L.
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For example, if G is the group of isometries of R", then L is isomorphic to R".
If a is a linear isometry of R” (an element of K), the adjoint automorphism of
L isw - aw (L™ is identified with R"). Thus, (4.13) is

(4.14) flk) = fmexp <1 kwdp(dw)

in which L and R" are identified.

If we allow I to operate on the right (f » f *¢), and if we define T*
= {¢* | $*(x) = ¢p(x~"), some ¢ X}, then f is divisible for the right action of =
if and only if f* is divisible for the left action of £*. If, for example, ¢(xk) = ¢(x),
ke K, then (4.14) applies to f* and X*. If x = Ik, then

x 1=kt = kT kKT
and (4.14) becomes
4.15) fk) = f*k~ M7 kk™Y)

I

f exp<k~ 1k, k™ wdp(dw)
|Rn

- f exp {1~ whu(dw)
R®

and f is a bilateral Laplace transform on R" lifted to G.

Finally, if £ = Z* (for example, if X is the set of all ¢ ¢ " such that ¢(kx)
= ¢(x) = ¢(xk), ke K, which is abelian), then both (4.14) and (4.15) apply.
It follows u is a radial measure and f(I) = f(I~!). If J(r) denotes the Bessel
function of order ¢, and if we regard f as a function of xe R”, (f(x) = f(kx)
all k) then there exists a measure A on [0, o) such that f(x) = F( | x | ), where

(4.16) F(r) = r ~0-2) f " T yoray (ir)A(dS).
0

See [16, p. 155]. (Without the i this transform is called the Hankel transform.)
Thus functions which are left- and right-divisible on G are characterized by the
transform (4.16).

We turn now to the case of a connected noncompact semi-simple Lie group
with finite center. In this setting the hard work of identifying the eigenfunctions
has already been done in [6] (on which the preceding discussion is based). In
what follows we shall use results of Furstenberg [6] and Karpelevié [11] to held
to describe the representation for .
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Fix an Iwasawa decomposition, G = KAN, for G. K is a maximal compact
subgroup (G is assumed to have finite center), 4 is a vector group, N is a simply
connected nilpotent group, and the map (k, a, n) — kan is a diffeomorphism from
K x A x N onto G. The Lie algebras of G, K, 4, and N will be denoted by
g, , a, and n, respectively. The space of real-valued linear functionals on a is
denoted by a*. If Aea¥, define ¢* = g by ¢* = {Xeg|[H,X] = A(H)X, Hea},
Ifg' # {0}, 1 is a root of the pair (g,a). If A is the set of roots, then g is a direct
sum, § = X,;..9. Moreover, there is a linear ordering of a* such that if A"
= {AEAIA > 0} with respect to this ordering, then n = X, .. g*. Define
pea*by p =123, A+ (dimg"A.

By the Iwasawa decomposition, each ge G has a unique expression as
g = k(g)a(g)n(g) with k(g)e K, a(g)e A, and n(g)e N. The exponential map
exp: g — G is a diffeomorphism of a onto 4 whose inverse will be denoted by log.
Define H: G — a by H(g) = loga(g). Then for each v e a* define

(4.17) f.9) = exp — (p + v)(H(9)).

Let M be the centralizer of 4 in K, the closed subgroup of K consisting of the
elements which commute with each element of A. S = AN is a (closed) solvable
subgroup of G with commutator N, and M has an alternate description as the
normalizer of S in K ( = {ke K|kS = Sk}). Finally, P = MAN is also a closed
subgroup of G, and N (as well as S) is normal in P because N is the commutator
of S. Therefore, if g € G and me M we have

gm = k(g)a(g)n(g)m = k(g)ma(g)m™'n(g)m = ka(g)n,

= k(g)m, n = m~'n(g)me N. Thus H(gm) = H(g). Let X be the homoge-
neous space X = G/P. X is compact because K is transitive on X, (since KP = G).
We define a function ,(+,-) on G x X by

(4.13) o9, kP) = f,(gk).

Since kP = k’P if and only if k' = km for some m € M, the fact o, is well defined
follows from the discussion above.

X is called the Furstenberg boundary of G ([5], [13]). X is unique in the sense
that if P’ is associated to a second Iwasawa decomposition for G as P was to our
given decomposition, then P’ is conjugate to P in G.

The functions (4.18) are called K-multipliers by Furstenberg because they
satisfy the relations
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4.19) o(99’,x) = o,(g9,9'x)0,(g",x) (9,9’ €G,xeX)
and
(4.20) ok, )=1 (keK)

(see [6]). It is easy to see that every positive function satisfying (4.19)-(4.20) has
the form (4.18).

We return now to the study of convolution operators on G. If ¢4, vea*,
Xxo € X, there exists a unique g, e C(X) such that ¢,(xo)= 1, g, > 0 on X, and
for each xe X, F,(-,x) is an eigenfunction for ¢ where

4,(9x)
4.21 Wg,x) = 0,(g,%
“21) Fig.) = og,%) 2T
(see [6]). It is easy to proceed from this statement to a similar statement for
arbitrary abelian sub-semigroups = < .

LeMMA 4.22. Let X be an abelian sub-semigroup of X ". For each vea*
there exists a unique q,€ C(X), q, > 0, q,(xo) = 1 such that the function F, in
(4.21) is an eigenfunction for Z.

Proor. Of course since g, is already unique for a cyclic semigroup Z, it has
only to be proved that g, exists. To this end fix any Y € #” and q e C(X), q > 0,
and let F, be as in (4.21). We compute

Y * Fy(g,x)

Il

f W(gh™F,(h, x)dh
G

f W(h~Y)F(hg, x)dh
G

fG W(h™YE (h, gx)F (g, x)dh

= wgx)F,(g,x)
where

o) = [ WOHF g0
G
Notice that « > 0 on X. We can therefore write

@.23) ¥ *Fy(g,%) = a(x){ “00) ¢, )]
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Now if F, is an eigenfunction for some ¢, and if y x p = ¢ +f, then Yy * F,
is also an eigenfunction for ¢. By the uniqueness of g, in (4.21) (for ¢), it must be
by (4.23) that a( - ) is constant. Therefore  *+ F, = aF,, and F, is an eigenfunc-
tion for . The lemma follows because g, exists for any given ¢ €L by Fursten-
berg’s result cited above.

Furstenberg’s main result in [6] is that every extremal eigenfunction (for
cyclic Z) has the form (4.21) for some v € a*. Therefore, by the results of Section 3,
every fe & has a representation

~

4.24) @ =] a9 %;(—‘(’gu(d(v, ).

We will eventually apply a result of Karpelevi¢ to show there is a closed subset
€ < a*, independent of Z, such that p can be taken to be concentrated on € x X.
Later (in Section 8), we will see that this u is unique.

Let M’ be the normalizer of A in ". W = M'/M is the Weyl group, a finit€
group which acts on A4 (and a) by w(a) = adm,a, ac A, weW, w ~ m, M.
We shall also write w(v), v a*, for the transpose of w.

Furstenberg’s identification of the extremal eigenfunctions! for cyclic semi-

groups together with the fact that £ has the same cigenfunctions as any of its
cyclic sub-semigroups tells us that every extremal of & is a multiple of F, for

some Aea*. In order to further identify the extremals let v e a* be fixed, and let
there be a representation

(425) R0 = [ Femda

with u a Borel probability measure on a* x X. Define f(1) to be the integral of
g, over X with respect to the unique K-invariant Borel probability measure on X.
If dk is normalized Haar measure on K, then p(2) = ( g,(kx)dk for any xe X.
If we now replace g by kg in (4.25) (k € K), and then integrate with respect to dk,
then because a,(kg, z) = 6,(g, z), we obtain a representation

(4.29) w00 = [ o@.nudn)
in which p, is the measure
_ B(A) qx)
Ho(d(4, y)) = 50) 4.0 H(d(4, y)).

Notice that y, is a point mass if and only if u is a point mass. Therefore, if v is
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such that ¢, is an extremal K multiplier, then 6,( -, y) = 6,(*,x) a.e. yto. According
to Karpelevi¢ [11, Sect. 17], o5(*,y) = o,(*,x) if and only if A = vand y = x.
To investigate the nonextremals it is necessary to have the following lemma
whose proof is deferred until the end of this section.

LemMA 4.27. If vea*, and if p, is a measure on a* x X such that (4.26)
holds, then g is concentrated on Wv x X, where Wv is the orbit of v under W.
If o, is a K-multiplier, define the spherical function ¢, by

.

$:(9) = JK a,(g, kx)dk.

A theorem of Harish-Chandra ([8, Chap. X]) asserts that ¢, = ¢,. if and only if
A € WA, and therefore the partition of a* induced by 4 — ¢, is the partition of
a* into the orbits of W. Fixing a positive spherical function ¢, Furstenberg [6]
proves there is a unique K-multiplier ¢ such that

8() = f o, k)

and if \ is any positive solution to

f Wgkg")dk = G(gWa")

then { admits a representation

4.28) Wg) = f o(g, x)m(dx)

with m a (unique) Borel measure on X. Let A be such that ¢ = o, in (4.28). Then
by the discussion preceding the statement of Lemma 4.27, F,( *, x) is an extremal
of & for every x € X. We will now prove thatif ’e W4, A’ # A, then for every x,
F,.(-,x) is not an extremal of <.

LEMMA 4.29. Each orbit of W in a* contains a unique element Ay (namely
the one described above) such that for each ye X, F, (*, ) is an extremal of &.
Ao s independent of L.

ProofF. Fix an orbit of W in a*, and let 4, be the unique element in the orbit
such that ¢ = g, in (4.28). Given 1€ WA, let m be the measure on X in (4.28)
for the choice Y(g) = ay(g, xo), Xo the identity coset of P in X. a3( -, %) l pisa
character, and therefore for any t e P if we replace g by gt in (4.28) and simplify,
we obtain a representation
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f a}.o(gta x) m(dx)
X

O';‘( ta X 0)

"

(4.30) 0:(9, Xo)

t

Glo(t5 x)
j xo-lo(g, ) oy(t, xo)m(dx)'

Define m{-) by m{(E) = m{t"'E), E = X Borel. Rewriting (4.30) in terms of
m, we have

-1
oex0) = [ a9 2D may)

_ 1
- L 0:,(9, ) ARG m/dy).

Since the representation (4.28) is unique, it must be that
m{dy) = a,(t, x0)a,,(t ", y)m(dy).

Given a positive g € C(X), define r(g), g € G, by

r(9)0:(g, Xo) = f . 6,,(9, ¥)q(gy)m(dy).

Given t e P we use the computation for m, to find

ox(ot, x)r(gl) = f gt a(ayym(ay)

= fx 0,(9, ty)a3,.(t, ¥)qa(gty)m(dy)

it

fx 03,(9, V)03, (1, 1 ' »)a(gy)m(dy)

fx 0@ ot ¥~ a(gy)on(t, %) 03 (", ymidy)

o,(1, xo) f . o3.{9, X)q(gy)m(dy)

= a3(1, X0)03(g, Xo)1(9)

= 0,(gt, xo)r(9)-
Therefore r(g) = r(gt), and r can be regarded as a continuous function on X.
If ¢ = q,,, then because X. operates on the left, 6,( -, xp)r( + ) is an eigenfunction

for Z. The space of eigenfunctions belonging to a fixed character on X is invariant
under right translations, and therefore since o,(k,-) = 1, ke K, we have that
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FXg, x) = 6,(g, x) r(gx){r(x) is an eigenfunction for X. By the uniqueness
statement in Lemma 4.22, F, °= F,. Therefore we have a representation

Fyd,%) = foM,(g, Pan)m(dy).

Now F,( -, x) is an extremal of & for one x if and only if F,( -, x) is an extremal
for all x (right translation preserves the property of being an extremal). Therefore,
if F,(-,x) is an extremal for some x, F,(*, X,) is an extremal and g, (y)m(dy)
must be a point mass at some x; € X. In particular, m(-) is a point mass at x,,
and we have that o,( -, xo) = 0,,( -, x;). Therefore, by the Karpelevi¢ result
mentioned before Lemma 4.27, A = 4, (and x, = x,), and the lemma is proved.

We now recall the identification by Karpelevi¢ of the distinguished elements
of the orbits of W. Let B( -, - ) be the Killing form for G. B is positive definite
on a. Given A eq*, there exists a unique Q, e a such that A(H) = B(H,Q,), Hea.
Recall that A* is the set of positive roots with respect to the fixed ordering of a*,
and define €, < a* by

€o = {Aea*|A(Q) >0,ieA"}).

Finally, define® to be the closure of €, in a*. Then by [11, Th. 17.2.1], if Aea*
and if A4 is the (unique) element of WA which belongs to%, there exists for each
x€ X a measure m = m,, on X such that (4.28) holds with ¢ = 0, and ¥(-)
= 0,(*,x). (The measure m is actually computed explicitly if 1,€%,. See, for
example, the exposition in [22, Sect. 9.1.6, particularly the remark following
Prop. 9.1.6.6].)

THEOREM 4.31. With notation and assumptions as above, there exists for
each fe & = S (L) a measure p on€ x X such that for allge G

@.32) @@= a@n 29 a0,
€xX 0(x)

For each Aea¥*, g, is determined as the unique positive element of C(X) such
that q,(x¢) = 1 (xo fixed in X) and Y(g) = 0,(9,x)q:(gx) is an eigenfunction
of Z for every xe X.

REMARK 4.33. As in Remark 4.12, if some ¢peX is left-invariant under K,
then every fe & has the same property. Since a,(kg,x) = 03(9,%), k€K, geG
x € X it follows g,(kx) = g,(x). Since K is transitive on X, ¢, = 1. Thus (4.32)
becomes
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(4.34) f(g) = fm 02(d, u(d(d, ).

If £ = X* (see Remark 4.12), and if &%, is the space of left- and right-divisible
functions, then each fe &, has a representation

1@ = [ $omatai
€
where we recall that ¢(+) = [x 6,( -, kx)dk.

ExAMPLE 4.35. G = SL(n,R), n = 2. Here the Gram-Schmidt process,
applied to the columns of g € G, leads to the Iwasawa decomposition G = KAN
in which K = SO(n, R), A is the group of diagonal matrices with positive diagonal
entries and determinant 1, and N is the group of upper triangular matrices with
1s on the diagonal.

The Lie algebra a can be identified as the set of diagonal matrices a, given
in terms of the diagonal entries a = (ay, a,, -+, 4,), and having trace a = a; +
--- + a, = 0. Define 4;€a* by A(a) = a;. In terms of the natural lexicographical
ordering of a*, the set of positive roots of a* is A* = {4, — Ajl 1gi<j=n}
Each Aea* is expressible as 4 = x,4; + -+ x,4, with x; + - + x, = 0 because
Ay + -+ 4+ A, = 0. Therefore a and a* can be identified in terms of the Killing
form for g, B(a,, a,) = tracea,a,, a‘'= transpose of a. Thus Q,, 1 = A—AjeAt,
is the matrix @, = (0,---,0,1,0,--., — 1,0,+-.,0) where the 1 occurs in the ith
place, the — 1 in the jth place. Thus, % is the set% = {Q = (x,, ~--,x,,)]x1 2 X,
2 -+ Z X,} because (Q,Q,) = x; — x; must be = 0 for i < j.

In order to compute the multipliers o,, A € a*, it is necessary to make a remark
on the Iwasawa decomposition. If g is an n x n matrix, C,(g) will denote the ith
column of g as a vector in R". It is easy to check (by consideration of the Gram-
Schmidt process, for example) that the ith component of a(g) (recall g
= k(g)a(g)n(g)) is the euclidean distance from Cfg) to 0 if i = 1 and to the
span of Cy(g),:++,C;_1(g) if i > L. In terms of the exterior product on R" this
distance is

1Cx@) A - A C(g)]
” Ci@) NN Cimy(9) ”

where if i = 1 the denominator is interpreted as 1. Thus, if g € G,

H(g) = (logé,(g), -+, 10g d,(g)).

(4.36) 3(9) =
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Now suppose 4 = x44; + -+ + x,4,, Zx, = 0, and note

1
=z A=A
p 21§Mé”( 5)
n —2j
-3 n 2l+llg.
i=1

If xe X is x = kxg, kel, then
oi(g,x) = exp — (1 + p)(H(gk))

ﬁ S (gk)—(x;+§(n—2i+ N

r-‘)-‘

l:[ " Ci(gk) A -+ A Clgk) ” Fi+1=%—1

(Of course, ” Cgk) A\ - A Cgh ” = detgk = 1.) Assume now that some
¢ €X is left-invariant under K. The representation (4.34) becomes

n—1

1@ = | TL1 Ciak) A - A Cilgh |2~ u(de x)
R*I-1xX =1

where we have identified ¢ and (R*)""! via the map

xl’l Pl i o xnln - (xl — X2t Xy ™ xn—l) = ((11, ""dn—l)'

Consider the case n=2. If g = (‘Z Z) = (v, v,), where v, = (Z)’

cos b sin 6

v, = (Z),andifk=k(9)= (

) , 0 £ 0 < 2n, one computes

—sinf cosf
|sin6]||cotfv, ~v,| 0#0,7
b - {
Jod] 0=0x
and in any case | C,(gk(0 + n)) | = || C1(gk(6)) |. Set ¢ = cot6 and obtain the
representation
1 2 4(1+2)
@37 @ = f f { T e
t= o [0y — v,

[l 71 v

The measure on { — oo, ©) which corresponds to d/2n = dz/2niz on the unit
circle under the fractional linear transformation z -» i{1 + z/1 — z) of the unit
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disc onto the upper half plane S is dt/n(1 + t*). The Poisson kernel for 5# with
respect to this measure is

y(1 +1?)
(x—02+y

1+

1 2
S(x—-0+
y( )+

P(x +iy, 1) =

d — . .
e ab) , and as a fractional linear

IfgeG,g = (j Z) ,theng™! = (

transformation acting on i €5,

-1 _ di— b
g = —ci+a
1 i_(UhUz).
o Jou]?

Then, writing g~'i = x + iy, we have by a simple computation

x? 1 + (vy,,)?
A Yo
= fioz|?
—2% = 2(v,0,)
y = ol
and therefore
(4.38) P(g~'i,1) = (L + %)

| 02 |2 + 260y, 05) + £ A [12.

Also, define P(g™'i, 0) = | v, | =% Using (4.38) in (4.37) we find
=00 =

(437 1@=[ " [ Pat0* udn)
=-w va=0

+ f P(g~1ti,0) **y(dy)
0
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is the most general element of .#. In particular we see that the extremal K multip-
liers for SL(2, R) have the form P(g~'i,#)"***2for some te {0} N (~ 0,00)
and « > 0 as was proved in [6, Sect. 7].

We conclude with the proof of Lemma 4.27. (For a less elementary proof
see [11, p. 190].)

Let ¢ be any non-negative, compactly supported, continuous function on G
such that ¢(kg) = ¢(g), ke K. If Lea*, xe X, then

6*0(g,x) = f (gh™")o,(h, ¥)dh

f $(hYa,(h, gx)dha(g, %)

by the multiplier equation. Replace g by kg, use the fact ¢(kg)=¢(g), and integrate
with respect to dk. We obtain that ¢ * 0,(g, x) = a,0,(g, x) where o, = «,(¢) is

~

&% = jG $(h™")pu(h)dh

with ¢, the spherical function corresponding to ¢,. From Fubini’s theorem and
(4.26) we obtain (setting g = 1)

0= oty

and applying the same argument to ¢, the n-fold convolution of ¢,
d= [ ot
a*xX

Since a geometric sequence is uniquely represented as a Stieltjes moment sequence
a,(P) = a,(P) a.e. uo(d(4, y)). Since ¢ is arbitrary, it follows that ¢, = ¢, a.e. pg
In other words, by the Harish-Chandra result mentioned earlier, u, is supported
on Wv x X. The lemma is proved.

S. Application to potential theory
Let Q be a bounded region in R”, n = 1, and let d(x,Q°), xeQ, denote the
distance from x to the boundary of Q. Given a function d( ‘) on Q, 0 < d(x)
< d(x,QF), set up a kernel P = P; on Q x Q defining
Pyx,y) = XB(x)(J’)lB(x) l_l

where | - [ denotes volume and
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B() = {y||y - x| < s)}.

Let there be given a Lipschitz function r on Q with Lipschitz constant 1, such
that 0 < r(x) < d(x,Q). Then assume ¢ is a Borel function which for some
o > 0 satisfies ar(x) < 6(x) < (1 — @)r(x). (This condition on & is used also
in [18].)

LEMMA. 5.1. With notation and assumptions as above, we have
P® = PP = BP, where B = B(n,a) > 0.

Proor. If xeQ, and if yeB(x), then |[r(x)—r(»)| < |x-y]| <éx).
From this we obtain r(x) — 6(x) < r(y) < r(x) + d(x), or (a/(1 — ))d(x) < r(y)
< ((« + 1)/a) 6(x). Therefore

o? 1-

1__a‘(‘i(x)<c3(y)< .

o‘Z(S(x).

Now if ye B(x), and if ze B(x) is such that ” zZ—y || < (@?/(1 — a))d(x), then
zeB(y) and P(y,z) = [«/(1 — «*)]"P(x, z). For a fixed z e B(x) the set of such y
contains a ball of radius 1/2(x*/(1 — %))8(x) and therefore
2 n n
PO(x,2) = 2-"[ * ] [ al 2] P(x, 2)

1—of {1 -«

and the lemma is proved.

The lemma implies Z is strongly admissible. If fe & then because {z | P™(x, 2)
> 0} 7 Q for every x, as the reader may easily check, we have for any compact
set BS Q, |B| > 0, that sup,(P™f,xs) > 0 for every feS. By Theorem 3.15
there exists for every divisible point function f a representation

(5.2) £ = f e()u(de)

in which Pe(x) = A.e(x), all e and x, and (e,xp) = 1, all e. Fixing x, €9, the
latter condition can be replaced by (e, P(xq, *)) = A, and thus E becomes
E = {e|e(xo) = 1}.

REMARK 5.3. Define &, = {fe & |sup,P”f(x) < o} for some xeQ.
From (5.2) it follows that fe & if and only if u is concentrated on the set
{e l A, < 1}. In Section 6 it will be proved g is unique if fe &, and this fact will
be assumed in what follows.

REMARK 5.4. Assume Q is a bounded Lipschitz domain. (Locally 6Q is the
graph of a Lipschitz function in some orthogonal coordinate system.) If § is as
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restricted above, then by [18, Th. 1.3], any non-negative solution to Pf = f is
harmonic. (It is not necessary here to assume 6 is measurable, only that it be
comparable to r as above. [20, Th. 1.2] asserts for any é which is locally bounded
away from 0 on Q that if Pf = f, and if f is dominated by a positive harmonic

function on £, then f is harmonic.)

THEOREM 5.5. Let 0 be as restricted above. Let g = 0 be such that Pg < g.
If fe & has the property that for each n there exists f,, 0 < f, < g, such that
P"f, = f, then f is harmonic.

Proor. The arguments of Section 2 are easily modified to show that for
each n there exists f,€ & such that f, < gand P f, = f.Since Pg £ g, f,€ ¥
for every n. By the uniqueness of representation for &, (Remark 5.3) the repre-
senting measure for f must be concentrated on {elle 2 1} because necessarily

5= 5 e

Therefore, Pf = f (and f, = f for all n). Harmonicity of f follows from
[18, Th. 1.3] (see Remark 5.4).

REMARK 5.6. Let f be a positive harmonic function on Q. We define a
Markov transition kernel, P, by

P,x,)) = f—(lgP(x, NIO).

Let A =Q x Q x .- have coordinate functions x, xy, --, and let %
= B (xo, Xy, ) be the o-field they generate. The shift operator x,(Tw) = X, ()
is used to define the tail o-field B, = 7o T “# and the invariant o-field
B = {Ae.%lT"A =A} < B,. Let pl, xeQ, be the probability measure
on & corresponding to the random walk on Q starting from x and governed by
P (see [20]). [20, Th. 2.4] asserts that if §( - ) is locally bounded away from 0 on
Q, and if Q is a bounded Lipschitz domain, then if f is an extremal of the cone

of positive harmonic functions on Q, %/ is ! trivial (that is, every set has measure
0 or 1). In the same setting, but with ( - ) subject to the more severe restrictions

of Theorem 5.5, it is possible to prove &, is pf trivial. Indeed, suppose A€ %,
‘and let E(X, | Xo, *++» X,) = a,(x,) be the conditional expectation of x, with respect
to X, -+, X, (Since A € &, and x, is a Markov chain, the conditional expectation
depends only upon x,.) The functions o,( * ) satisfy P04, = o, and therefore
PMa, = ag(x) = pf(A). Then also P®y f = ayf and 0 £ «,f < f. By Theorem
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5.5, aof is harmonic and «, = a. Since f is extremal and 0 £ apf < f, a, is
constant on Q. By the martingale theorem a(x,) = E(t4|xo, %) = x4 a.e.
#f, and therefore oy = 0 or o = 1. It follows pf(4) = 0 (in x) or uf(4) = 1.

ReMARK 5.7. It would be inferesting to know when triviality on &, implies
triviality on %.,. It is possible to prove a result slightly more general than (5.6) by
establishing for a larger class of &’s that each # set differs by a set of uf
measure 0 from a 4%, set ([21]). We omit the details.

Remark 5.8. ([21].) It is possible to apply the argument of Blackwell-
Freedman [2] to prove that when #, is u! trivial, then for all x,x’ € Q

(5.9 lim f | PP(x,y) — PP(x", y)|dy = 0.

B0

This corresponds to a theorem of Orey for recurrent Markov chains [14].

ReMARK 5.10. We do not know if there is any instance in which & consists
entirely of harmonic functions (that is, an instance in which there is only the
eigenvalue 1); however there are simple examples to show it cannot always be
the case. For example, consider Q = (0,1) < R, and define f(f) = min (%,
(1 - 0?%), teQ. Fix §,0 < B < 1, and define 6 = J; by 6(x) = min(Bx, f(1 — x)).
If 0 < min(x,1 — x) < 1/4, we have

Pyf(x) = Apf(x)

where 2, = ((1 + )** — (1 — B)**)/3p. Since f is concave, there is a number
ap < 1 such that if 1/4 £ x < 3/4, then Pyf(x) < azf(x). Let 1 = max (4, ap),
For each x we can decrease dp(x) to a value 6y(x) such that P, f = 1f. More-
over, if 0 < min(x, 1 — x) < 1/4, 6, will clearly have the form do(x) = 6,,(x) for
some B, < B. Therefore there will exist « > 0 such that amin(x, 1 — x) < §y(x)
< dg(x) < (1 —@)min(x,1 — x).

The following theorem is a Fatou’s theorem for &, in the special case r(x)
= d(x, Q) and ar(x) < é{x) < (1 — )r(x).

THEOREM 5.12. Let 6(-) be a Borel function on the bounded Lipschitz
domain Q such that for some « > 0, ad(x, Q°) = 6(x) £ (1 — a)d(x,Q°), and
let P be the associated operator. If g = 0 satisfies Pg < g, then f = Pg has
non-tangential boundary values a.e. on 0Q. In particular, if fe %, f has non-
tangential boundary values a.e. on 0Q.
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ProoF. P™g decreases to a limit which we denote by h, and Ph = h. There-
fore h is harmonic ([18, Th. 1.3]) and, since the result is known for harmonic h
([9], [10]), we replace g by g — h and assume h = 0. Let u, = u. (P, = P).
Then lim - [5 f(x(@)p(dw) = lim,_ , P ®f(x) = 0. Also, because f =Pf,
f(x,(*)) is a supermartingale [12]. Therefore, lim,., , f(x,(w)) = F(w) exists
a.e. d,, and

| Fowdo) < tim | fex@uda) = 0
v n-o0 JA
by Fatou’s lemma. It follows lim,_, , f(x,(w)) = 0 a.e. y,.

Fix xq€ Q. For each Q € 9Q there exists a minimal positive harmonic function
fo on Q such that folxo) = 1 and f( - ) vanishes continuously at every Q' € 0Q,

Q' # Q ([20]). Moreover, there exists a probability measure m(dQ) on 0Q
(harmonic measure) such that for all xe Q and Ae #

1(4) = f HAfIm(d0)

([20, (2.1)]). It follows for m-almost all Q € 0Q that lim,,_, , f(x,(®)) =0 a.e. nle
We claim for every such Q that f( - ) vanishes nontangentially at §. For suppose
not. Then there exists an ¢ > 0, a Q € dQ, and a sequence {y,} < Q,lim,., y,=0,
such that f(y,) 2 ¢ and || y,— Q| £ (1/e)d(y,, Q) for all n, and fix(w)) >0
a.e. ple.

The reader can easily modify the proof of Lemma 5.1 to obtain that there
exists a number § > 0 and an integer k such that for all x,x’eQ if Il x—x' n
< Bd(x, ), then P**V(x’, - ) = BP(x,*). (Refer to [18, Lem. 5.1].) This being
so, if f = Pg as in the statement of the theorem, and if " X — x’" < Bd (x,Q°)
then f(x') = P¥f(x") = P**Vg(x") 2 BPg(x) = Bf(x). In particular, if
|y = vl < Bd(, @), then f(3) = fo. Let U = U, {y| |y — | < pd(3, @)}.
Since ||y, — @] £ (1e)dy, @), if B, ={y|[y—¢] £ |y—Qf} there
exists a number y > 0 such that |[B, " U| 2 le,,l (|- | denotes volume). Thus,
U has positive upper density at Q in the sense of [20, Sect. 7]. By [20, Th. 7.2],
x, visits U infinitely often for pf@ almost all sample paths, and therefore F = Be

a.e. This is a contradiction, and we conclude f has nontangential limit 0 at Q.
The sense of ‘“a.e.”” in the statement of the theorem is with respect to Hausdorff
n—1 dimensional measure on 8Q. (To the best of our knowledge it is an open



Vol. 18, 1974 TAILS OF SEMIGROUPS 197

question for Lipschitz domains whether mutual absolute continuity of harmonic
measure and Lebesue measure prevails.)

6. The Stieltjes moment problem

Let Vand S be the sequence spaces of the introduction, and let X= {T"'Img 1},
where (Tx),=x, + X,,,. If L is the left shift (Lx), = x,., then T"x = (I + L)"x

r=0 (n]:) L*x. Letting Q be the space of non-negative integers and v be

counting measure on Q, it is obvious from the fact T™ = I for all m that X is
strongly admissible and support increasing (see Section 3). It is readily checked
that every eigenvector for X is a multiple of x, = A" for some 4, 0 < 1 < c0.
Applying Theorem 3.14 (see also Remark 2.14) we obtain the following theorem.

THEOREM 6.1. A sequence xe S belongs to the cone T™S for every m > 1
if and only if it is the (finite) Stieltjes moment sequence of a finite measure on
(0, o).

It follows from Theorem 6.1 that the bounded elements of % are precisely
the moment sequences of measures on [0, 1]. Of course the latter are also charac-
terized as being the completely monotone sequences. (x is completely monotone
if (— A)"xe S for every m = 0, where A is the difference operator, A = L — I.)
Actually, it is easy to verify that every completely monotone sequence belongs
to &. For if x is completely monotone, x decreases to a limit ¢ and we may write
x = (x — ¢) + ¢, where ¢ is the constant sequence, and x — ¢ is completely mono-
tone and decreases to 0. Obviously ¢ e.# and therefore it is to be checked that
x € & whenever x is completely monotone and decrease to 0. To this end, let y
be the sequence y, = X, — X,4+1 + X,42 — -, the sum converging for each n
Evidently, ye S and Ty = x. Moreover, y is expressible as

®
y = EOL“( — Ax)

j.—

which, since LA = AL, implies
(=Afy= TIH(-A*"'x
j=0

is non-negative for every k = 0. Therefore, y is completely monotone, and since
y £ x, y decreases to 0. Iterating the above argument, we see that xe &. For a
classical proof that completely monotone sequences are moment sequences,
see [23].
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7. Uniqueness

In the present section and the one which follows we shall take up the question
of the uniqueness or non-uniqueness of the measures which occur in (2.13) and
(3.15).

In Section 6 we have seen that the cone of all Stieltjes moment sequences (1.1)
is & for an appropriate choice of Z. Since a measure on (0, c0) is generally not
determined by its Stieltjes moment sequence, there can be no hope that (2.13)
and (3.15) are always unique representations.

A useful approach to the uniqueness question is via the map n: E —» £ ¥, X the
group of positive characters on X, which assigns to each ee E the character to
which it belongs. (E is the set of normalized extremals in (2.13).) For suppose
=" is equipped with a T, topology with respect to which = is continuous. If uis a
measure as in (2.13), define a measure g, on the Borel sets of T by
uo(A) = p(n~1A). Using the fact p is finite and supported on a set U™, Q,,
Q, compact metrizable, we obtain from, for example, [16] that there exists for
Ko almost all AeZ* a probability measure x4, on the Borel subsets of 74 in
(UQ,, and hence) E such that if A = Eis Borel set, then F,(1) = (4 N7~ 'A)
is integrable with respect to the completion of p,, and

1) () = f . (e

If V is weakly sequentially complete, then for py almost all A there is defined an
element w, € £(1),

(7.2 Wy, = f em(de)
EQ)
and (2.13) implies
a3 we | v,
If ¢ € V*, define a Laplace transform of the finite measure ¢(w,)uo(dA) onZ* by
(7.4) D(o,w) = P(ow)
= [ HobOmduotdd

DErFINITION 7.5. We say w € & has the uniqueness property if for every e V'*
the measure ¢(w,)u(dA) is uniquely determined by its Laplace transform. & has
the uniqueness property if each of its elements does.
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Suppose now that we & has a second representing measure ji, and let ji, and
w, correspond to [ as u, and w, correspond to u. If ¢ is a distinguished element
of V* such that y(e) = 1, ee E, then y(w)u(dA) = pe(dA) and y(w))iio(dA) = jp.
Therefore, if w has the uniqueness property, o = fi;- Moreover, for arbitrary
¢ e V* it will be true that ¢(w,)pe(dA) = d(w,)i(dA) when w has the uniqueness
property. In all of our examples V* is separable in the weak-* topology, and
therefore there exists a countable set ¢, ¢, -~ in V* such that if ¢,(u) = ¢,(uo),
all n, u,uge ¥, u = ug. It follows in this case that w, = w, a.e. y,. When this is
SO, i = [.

LemMmMA 7.6. Let (X,%) be as in Section 3, particularly Theorem 3.14,
If the cone F(2) is given the natural ordering, then every pair f,ge F(1) has
a greatest lower bound with respect to this ordering. That is, F(1) is a lattice
in its natural ordering.

PrOOF. We begin by replacing each KeZ by K/AK) = K, so that K;v = v,
ve P(A). Thus, we may and shall assume A =1, Given f,ge.¥ define f A g to
be the greatest lower bound of f and g in the space of v-measurable functions.
The set {K(f A g) | K eX} has a lower bound (for example, 0) in the space of
y-measurable functions and therefore it has a greatest lower bound h (refer to [4]).
Since K(fA ¢9)LKf A Kg =fA g, KeZ, we have for all K, K'eZ,

h=K -K(fs9=Ko-K (A9
SK(fAD
and since K’ is arbitrary, h £ Kh £ h. Thus he #(1), and clearly A is a greatest
lower bound for f and g.

A basic result in the Choquet theory is that when a cone such as (1) is a lattice
with respect to its natural ordering, then each w, € S(4) is represented by a unique
measure p, on E(A). See [15, Chap. 9]. Combining this with the fact that V*
(defined preceding Lemma 3.8) is separable, we obtain the following theorem.

TueorReM 7.7. Let(Z, ) be as in Section 3 and particularly Theorem 3.14.
If f e has the uniqueness property (Definition 7.5), then f admits a unique
representation (3.15).

ExampLE 7.8. Suppose X is cyclic, say £ = {K"}. If we & is such that for
each ¢ € V* the sequence ¢(K"w) is uniquely represented as a Stieltjes moment
sequence, then w has the uniqueness property. Thus, if for example K"w is a
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bounded subset of ¥, w has the uniqueness property. This justifies the remark
made in Section 5 to the effect that uniqueness prevails in the representations of
the elements of & .

Consider next the case of an abelian convolution semigroup on a group G =LK
as in Section 4. Since L is normal, there is for each ke K an automorphism
I—>k~'lk of L. This automorphism induces a natural automorphism a,
on L*, and if u and p,(+) are as in the representation (4.10), we define y, on L*
by u, = pAk)xu. Then for fixed ke K the representation (4.10) reduces to a
Laplace transform

4.10") ) = f elDua(dD

of u.. If L, as an abstract group, is divisible (for every xe L and n > 0 there
exists y e L such that y" = x), then a measure on L* is uniquely determined by its
Laplace transform (assuming the latter is everywhere finite). (Refer to [19, p. 504].)
Thus, if L is a divisible group, the representation (4.10) is unique for every f e &.

8. Convolution operators on a semi-simple Lie group

Let G be a connected, noncompact, semi-simple Lie group with finite center,
and let G = KAN be an Iwasawa decomposition for G. Let £ be an abelian
convolution semigroup as in Section 4 with the additional assumption that X
contains at least one element which is left invariant under K. As was proved in
Section 4, & in this case is independent of Z and consists of all functions f which
are transforms of measures on € x X (see Section 4 for definitions),

f@) = fm 03(g, u(d(3, x)),

and this will be seen to imply uniqueness of the representation (4.32). We shall
eventually prove that p is uniquely determined by f.

Let (, ) be a positive definite inner product on a, for example, the Killing form,
and let | 1] = (4, 2% Aea

LemmA 8.1. Let ¢ be a non-negative, compactly supported, measurable
function on G, and suppose there is a neighborhood U of e and an ¢ > 0 such
that ¢ = & on U. There exist numbers a = a(e,U) > 0 and B = P(e,U) > 0
such that
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32 [ ot an 2 aexo 8] 1))
Jorall lea, xe X,

Proor. We may assume, by decreasing U if necessary, that U = U~! and
KU = U (because K is compact). It will be sufficient to obtain the bound (8.2)
for ¢ = eyy, yu the characteristic function of U. For this choice of ¢ the left
side of (8.2) is independent of x € X (because ¢(kg) = ¢(g), ke K, K is transitive
on X, and p, is a K-multiplier). Thus we may suppose x = x, (the identity coset
of P = MAN).

Identify a and a* by means of (, ). There exists a neighborhood Y of e in G
and ay > 0 such that if V = {A|| 4| < y}, then

(@ exp()e U,

(b) if|v| =7 a=exp(v), then Yas U, and

© if|v] =9 yeY, then | H(ya) - v| < 1/2] 0] (a = exp(v)).

Fix Aea, and define v, = — (y/||A|)A. If @, = exp(v), and if yeY, then
(LHya) = (o) + AL Hya) ~v) £ =y | 4]+ 12| 4] == 2] 4]

Therefore, if m = inf, ., exp — (p, H(u)), it follows that

f S Opyh, xo)dh = ¢ f exp — (1 + p, H(h))dh
G U

v

emexp(1/2)y | A]).
Setting « = em and § = (1/2)y, the lemma is proved.
LemMma 8.3. With notation as above, if f € & is represented by a measure

uon a*t x X, the integrals [xxexp (M “A” Yu(d(4,x)) are finite for every
M < o0,

Proor. Fix ¢ecZ. A simple change of variable shows that if e>0 and a
neighborhood U of e are such that ¢ = ¢ on U, and if ¢ is the n-fold convolution
of ¢, then

f ¢ (h~Yo\(h, x)dh 2 oa*expnp | 1

where « = a(e, U) and f = f(g, U) are as in the preceding lemma. Another simple
computation shows that for all n,
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© > 6™ f(0) 2 f

a*x

[ Cexpnpl 2o

¢ » ay(e, x)u(d(4, x)
X

Itv

and the lemma is proved.

Suppose u is a measure on a* x X such that
384) 16 = [ g mudc =)
a®x

is finite for every g € G. Of course p can be replaced by a measure supported on
¥ x X, also representing f, and we shall later so restrict u. Let u, be the image
of u on a* under the first coordinate map of a* x X. Arguing, as in Section 7,
there exists for u, almost every A€ a* a probability measure g, on X such that
B = [ e mpo(dA), the notation being obvious. Define f;, Aea*, by

8.5) fi(6) = fxax(g, Xp(dx).

(Of course fi( - ) is defined only for uy almost all 1.)

In what follows we identify a* and a by means of the Killing form (, ). Thus
if Aea, A(+) = (-, 4). Let | - | be the corresponding norm. From the definition
of p, it is evident that for each g € G there exist constants 4,, B, < oo such that
for all A and x,

(8.6) o(g” ", x) S Agexp(B, | 2]).

Notice also that by Lemma 8.3 the measure u, has the property that for every
M < o0,

(8.7 f _exp(M | 2 )ro(dd) < co.

In particular, if P( - ) is any polynomial on q,
®.9) f |PO) |6~ Maldd) < 0 (g G).
[+ 4

Let D(G, K) be the algebra of differential operators on G which are left-invariant
under G and right-invariant under K. D(G, K) can be identified with the algebra
of G-invariant differential operators on the symmetric space G/K. (See [8, Ch. X].)

According to Karpelevi& ([11, Sect. 15 and 17]) there exists for every D € D(G, K)
a polynomial Py( * ) on a such that for all 1 and x,
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(8.9 Day(g™",x) = Pp(ai(g™, %)
holds on G. From (8.9) and the definitions it follows that
(8.10) Dfi(g™") = Ps(Wfilg™")  (DeD(G/K)).

Next, (8.8), (8.10), and an exhaustion of a by a sequence of relatively compact
open sets imply that
8.11) Df™ = | Pl mald)

a
holds in the weak sense for all De D(G, K). Applying this in particular to the
operators D = Dg, n = 1, where D, corresponds to the (elliptic) Laplace-Beltrami
operator on G/K we obtain from the continuity of the right-hand side of (8.11)
and the regularity theorem ([1, Chap. 6]) that f is C* and (8.11) holds strongly
or all D. (Regard F(g)= f(g~"') as a function on G/K to apply the regularity
theorem.)

REMARK. It should be pointed out that Karpelevi€ uses an Iwasawa decom-
position G = NAK with respect to which he defines functions P(x,¢&, 1), on
(in the present notation) G X Xix a,”where if ¢ = k&,, £, ~ P in X, p(x,&,4)
= exp(p + A, loga,), where k™ !x = n,a,k,. Since then x 'k = k;' a7' ny' and
loga;' = —loga,, we see that p(x, &, 1) = o,(x™*, k&) in our notation. It is the
functions p( - ,¢&,1) which Karpelevié proves have the properties asserted here
for o,( - , €). These facts also follow readily from the discussion in [8, Chap. X].

Since we have now identified a and a*, we shall write w'A for the action of w
in the Weyl group on 1 if 1 is regarded as being in a*. From [11] and [8] we also
know that if Pp( - ) is as in (8.9),

Pp(w'2) = Py(4) (Aea).
Moreover, if P(-) is a W-invariant polynomial on q, there exists De D(G, K)
such that P = Py,
By (8.6) we know that fi(g™") S A,exp(B, | 1]), and therefore (8.7) implies

that for each g € G the measure f,(g~')uo(d4) has an everywhere finite Laplace
transform

8.12) L9y = f exp(h 1) i(g ™ ito(d).

Define for each n = 0 a polynomial Q,(y, * ) by

0.0, = &I
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and note that Q. (wy, 1) = Q.(», w'l). By the dominated convergence theorem
and (8.6)—(8.7) we have & = X, .,-Z,, where

8.13) Lfa7hy) = f 0,3, Dfi(a ™ Hio(dA).

Let Pn(ys}-) = EwsWQn(wy’ ;l')' Clearly Pn(y,wt)') = P,,(wy, )‘) = P,,(y,)»), we W
and therefore, by the result stated above, there exists for each n an operator
D, = D,(y) e D(G, K) such that P, = P, . Applying this o (8.13) and (8.11) we
find for all n

z ='.?n(f’g_lﬁ")y)=an(g_1)

weW

and therefore

®14 3 (g7 = I DS

weW

the sum converging. The left side of (8.14) can be rewritten as

(815 X Z(f,g7\wy) = I exp(w'A, »)filg™ Duo(dd)

weW a weW

_ f exp(hy) T wH{(o™ mo(dD)

where by w'{f,(g " ")ue(dA)} we mean the image of the measure in braces under w'.

Now we make the crucial assumption that u is supported on € x X, and
therefore i, is supported on %. It is well known that for any w e W, w' acts as the
identity on w'€ N €, and therefore knowledge of I, .y w'{£i(¢~ io(d2)} implies
knowledge of {f,(g ™ )uo(dA)}. Now by (8.14), the left side of (8.15) depends only
upon the given function f, and therefore by the uniqueness theorem for the
bilateral Laplace transform the measure X, .ww'{f,(g~ to(dA)} depends only
upon f. By the above remark it follows that the measure f,(g~")uo(d,) depends
only upon f. Setting g = e it follows that g, is uniquely determined by f. Letting
g run through a countable dense set and then using the continuity of f,( - ), we
obtain that for almost all A, f,( ) is determined by f. Finally, as mentioned in
connection with (4.28), f, uniquely determines j,, and therefore we have that f
determines not only u, but also g, for p, almost all A. In other words, f determines
u#. We now prove the following.

THEOREM 8.16. Let G be a connected, noncompact, semi-simple Lie group
with finite center, and let K, A, N, X, a*, and 0,( -, ) have their previous
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meanings. Suppose for each A& % there is given a positive element q, in C(X)
such that for all g € G the function q,(gx)/q,(x) is Borel measurable on € x X.
If a Borel measure p on € x X has an everywhere finite transform

2:(9%)
1@ = [ o028 @i

then u is uniquely determined by f and { q | eA?}.

ProoF. We have only to deal with the case in which not all ¢q,’s are constant.
To this end, define o, A€ €, by o, = [x qi(kx)dk (any x)and f(g) = [xf(kg)dk.
Then fy is a transform

8.17) flg) = J

€ x

. 0,9, )io(d(4, x))

where u(d(4, x)) = (¢;/q,()u(d(A1x)). We know a measure p, is determined
by (8.17), and therefore if z is a second representing measure for f, and if ji, is
similarly related to [, then po, = fy. But this certainly implies u = &z, and the
theorem is proved.
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